Abstract. The invariant subspaces of the Hardy space on H 2 (D) of the unit disc are very well known however in several variables the structure of the invariant subspaces of the classical Hardy spaces is not yet fully understood. In this study we examine the invariant subspace problem for Poletsky-Stessin Hardy spaces which is a natural generalization of the classical Hardy spaces to hyperconvex domains in C n . We showed that not all invariant subspaces of H 2 u (D 2 ) are of Beurling-type. To characterize the Beurling-type invariant subspaces of this space we first generalized the Lax-Halmos theorem of vector valued Hardy spaces to the vector valued Poletsky-Stessin Hardy spaces and then we give a necessary and sufficient condition for the invariant subspaces of H 2 u (D 2 ) to be of Beurling-type.
Introduction
In [2] , Beurling described all invariant subspaces for the operator of multiplication by z on the Hardy-Hilbert space H 2 (D) of the unit disk. In H 2 (D), all invariant subspaces are of Beurling-type i.e. they are of the form f H 2 (D) where f is an inner function in H 2 (D). However, in several variable case the structure of the invariant subspaces cannot be characterized in such a simple form. Although it is quite clear that the Beurling-type subspaces, are invariant; it is known that not all invariant subspaces are of this form. In [7] , Jacewicz gave an example of an invariant subspace which can be generated by two functions but cannot be generated by a single function. Later, Rudin [6] gave an example of an invariant subspace which cannot be generated by finitely many elements. There are several studies that try to characterize the Beurling-type invariant subspaces of H 2 (D 2 ) and in this study we are going to generalize one of these studies given by Sadıkov in [10] . In 2008, Poletsky and Stessin introduced Poletsky-Stessin Hardy spaces and generalized the theory of Hardy spaces to hyperconvex domains in C n . The structure of these spaces is examined in detail in [8, 11, 16, 13] . Hence, it is natural to ask the invariant subspace problem in the case of Poletsky-Stessin Hardy spaces. In the case of unit disk, Alan and Göǧüş [16] showed that all invariant subspaces of the Poletsky-Stessin Hardy space H 2 u (D) are of Beurling-type. In this study we are going to consider the multivariable case for the Poletsky-Stessin Hardy space H 2 u (D 2 ) of the bidisc. First of all using analogous methods to Jacewicz we will show that there exists an invariant subspace of H 
Preliminaries
In this section we will give the preliminary definitions and some important results that we will use throughout this study. Before proceeding with Poletsky-Stessin Hardy spaces let us first recall the classical Hardy spaces of the polydisc given in [6] : Definition 1.1. Hardy spaces on the unit polydisc of C n are defined for 1 ≤ p ≤ ∞ as :
where T n is torus and µ is the usual product measure on the torus. And
In [8] , Poletsky & Stessin introduced new Hardy type classes of holomorphic functions on hyperconvex domains Ω in C n . Before defining these new classes let us first give some preliminary definitions. Let ϕ : Ω → [−∞, 0) be a negative, continuous, plurisubharmonic exhaustion function for Ω. Following [4] we define the pseudoball: B(r) = {z ∈ Ω : ϕ(z) < r} , r ∈ [−∞, 0), and pseudosphere: S(r) = {z ∈ Ω : ϕ(z) = r} , r ∈ [−∞, 0), and set ϕ r (z) = max{ϕ(z), r} , r ∈ (−∞, 0).
In [4] , Demailly introduced the Monge-Ampère measures in the sense of currents as :
In this study we will use the boundary value characterization of Poletsky-Stessin Hardy spaces in most of the results so let us also mention boundary measures which were introduced by Demailly in [5] . Now let ϕ : Ω → [−∞, 0) be a continuous, plurisubharmonic exhaustion for Ω and suppose that the total Monge-Ampère mass is finite that is, we assume that
Then as r approaches to 0, µ ϕ,r converges to a positive measure µ ϕ weak*-ly on Ω with total mass Ω (dd c ϕ) n and supported on ∂Ω. This measure µ ϕ is called the Monge-Ampère measure on the boundary associated with the exhaustion ϕ. As a consequence of ( [11] , Proposition 2.2.3) we know that the boundary Monge-Ampère measure dµ u is mutually absolutely continuous with respect to the Euclidean measure on the unit circle and we have,
for a positive L 1 function β which is defined as
Now we can introduce the Poletsky-Stessin Hardy classes, which will be our main focus throughout this study. In [8] , Poletsky & Stessin gave the definition of new Hardy type spaces using Monge-Ampére measures as :
The norm on these spaces is given by:
and with respect to these norm the spaces H p ϕ (Ω) are Banach spaces [8] . In Poletsky-Stessin Hardy spaces of the unit disk we have the canonical inner-outer factorization analogous to the classical Hardy space case ( [12] , Theorem 4.2) but throughout this study we will consider a special type of inner functions which is defined in [16] as follows: Remark 1.4. The set of u-inner functions is non-trivial. In fact first all we need to show that there is a holomorphic function φ such that |φ
is a bounded, positive function. Then by [6, 3.5 .1] we know that we have an analytic function
a.e. on T. Then |φ * | 2 β = 1 a.e. on T and
. In the following sections our main focus will be on the Poletsky-Stessin Hardy space, H 2 u (D 2 ) of the bidisc generated by the following special type of exhaustion function: Let u be an exhaustion function of the unit disc D with finite Monge-Ampère mass. Then the following plurisubharmonic function,
is an exhaustion for the unit bidisc D 2 . For this exhaustion functionũ, the corresponding boundary Monge-Ampère measure on the torus T 2 is given as follows ( [11] , Theorem 3.2.1) :
By [6, 3.5.2] we can generalize the definition of u-inner function to D 2 so for a plurisubharmonic exhaustion functionũ of D 2 we can find a holomorphic function 
Main Results
In this section we first show that the Poletsky-Stessin Hardy space on the bidisc has an invariant subspaces which is not of the form f 
, which means that q never vanishes in D and has modulus one a.e. on T. It is clear that f 2 ∈ H 2 u (D 2 ) and since 
and hH 2 (D 2 ) are the same. Since S 2 contains the set {(m, n) : m ≥ 0, n ≥ 0}, the invariant subspaces f 1 H 2 (S 2 ) + f 2 H 2 (S 2 ) and hH 2 (S 2 ) are the same. These subspaces are denoted by First of all, we need to recall the class of vector-valued analytic functions. Let K be a Hilbert space with inner product ·, · and norm || · || K . Then by H 2 (K) we mean the space of all K-valued holomorphic functions f (z) = ∞ n=0 a n z n on D for which the quantity 1 2π
remains bounded for 0 ≤ r < 1. Clearly, H 2 (K) is a Hilbert space under the inner product
for any f (z) = ∞ n=0 a n z n and g(z) = ∞ n=0 b n z n in the space. Now if K is a reflexive Banach space then it has Fatou Property i.e. each f ∈ H 1 (K) has nontangential limits on ∂K ([1, pg:38, 48]). Hence, we know that each f ∈ H 2 (K) has the radial limit f * as a Bochner measurable function and f * ∈ L 2 + (K), where
is the space of L 2 (K) functions whose negative Fourier coefficients are 0, and we also have f H 2 (K) = f * L 2 + (K) (For details see [14, pg:183-186] ). On the other hand, if B(K, K 1 ) denotes the algebra of all the bounded linear operators from K to K 1 , then by H ∞ (B(K, K 1 )) we mean the algebra of bounded B(K, K 1 )-valued holomorphic functions Θ on D in the norm Θ ∞ = sup z∈D Θ(z) B(K,K1) < ∞. It is obvious that each Θ ∈ H ∞ (B(K, K 1 )) gives rise to a bounded linear operator from H 2 (K) into H 2 (K 1 ) namely, to an element Θ, we correspond an operatorΘ :
is an isometry from K into K 1 for almost every t or equivalently, the operatorΘ is an isometry.
The reader can find the details of vector-valued analytic functions in [9, 14, 15] .
Analogously, we are going to define the vector valued Poletsky-Stessin Hardy spaces as follows: Definition 2.2. Let K be a Hilbert space, u be a continuous, subharmonic exhaustion function for D. Then the vector valued Poletsky-Stessin Hardy space is defined as follows: 
Proof. Directly follows from the scalar valued argument given in ( [11] , Theorem 2.2.1). Now, recall the Wold decomposition for isometries [14, p.3, Theorem 1.1]: Let V be an arbitrary isometry on a Hilbert space H. Then H decomposes into an orthogonal sum H = H 1 ⊕ H 2 such that H 1 and H 2 reduce V , the part of V on H 1 is unitary and the part of V on H 2 is a unilateral shift. This decomposition is uniquely determined, indeed we have
The space H 1 or H 2 may be absent, i.e., equal to {0}.
If the Poletsky-Stessin Hardy space over the bidisc is interpreted as the vectorvalued analytic functions on the unit disc of complex plane, then invariant subspaces under the multiplication operator by the independent variable z are described in terms of Lax-Halmos theorem. First of all, we need the following lemma:
. We want to show that
is an inner function then the corresponding operator is isometric and hence M =ΘH 2 (E) is closed. Its invariance for the multiplication by z is obvious. Now let M be an invariant subspace of H 
and by Lemma (2.5) we have
Let V denote the restriction of the multiplication operator by z to the invariant subspace M ; this is an isometry on M . We have
and thus V has no unitary part so that the corresponding Wold-decomposition of the form M = ∞ n=0 V n E, where E = M ⊖(V M ). Let us now apply Lemma 3.2 [14, p.195] Proof. Letũ(z, w) = max{u(z), u(w)} be the exhaustion function for the bidisc D 2 then we have the following isometric isomorphism between the Banach spaces H
Suppose that a subspace M of H 2 u (D 2 ) which is invariant under the multiplication operators by independent variables z and w is of Beurling-type, i.e., M is of the form M = φH 2 (D 2 ) for some u-inner function φ. Since M is invariant under the multiplication by z, in view of Lemma (2.6) and Theorem (2.4), it can be described by the class of functions {Θ M } . However, the subspaces determined by these class of functions {Θ M } are not generally of Beurling-type and the following theorem gives a condition for those subspaces which are defined by {Θ M } to be of Beurlingtype using the simple relation H For the converse direction now suppose that M is a subspace generated by aũ-inner function φ then for almost any ξ ∈ T, φ * (ξ, ·) is a u-inner function in H ∞ (D) and the radial boundary values of the operator valued function Θ(z), where Θ(z) is the operator of multiplication by the function φ, is an isometry almost everywhere. Hence the result follows.
